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General e Reading time — 5 minutes
Instructions e Working time — 2 hours
e Write using black or blue pen
e NESA approved calculators may be used
e A reference sheet is provided

e In Questions 11 - 14, show relevant mathematical reasoning
and/or calculations. A correct answer without working will
be awarded a maximum of 1 mark.

Total marks: 70 Section 1 — 10 marks (pages 3 — 6)

e Attempt Questions 1 - 10
e Answer on the Multiple Choice answer sheet provided
e Allow about 15 minutes for this section

Section II — 60 marks (pages 7 - 13)

e Attempt Questions 11 - 14
e Answer on the blank paper provided
e Begin a new page for each question
e Allow about 1 hour and 45 minutes for this section
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Section I

10 marks

Attempt Questions 1 — 10

Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1 — 10

1. What is the value of ling(m; 4xj ?
X—> x

(A) 1

(B) 0

4
©) 3

AW

(D)

2. After t years, the number of individuals in a population is given by N where
N =300+100e™* . What is the difference between the initial population and the
limiting population size?

(A) 100
(B) 300
(C) 350

(D) 400

3. The point P divides the interval from 4(2,3)to B(6,1)
externally in the ratio 4:5. What is the x coordinate of P?

(A) —14
(B) 8

(C) —12

(D) =



4. The velocity v ms™? of a particle moving in simple harmonic motion along the x-axis
is given by v? = 32 + 8x — 4x2. What is the amplitude, A, and the period, T, of the
motion?

(A) A=2
(B) A=2
(C) A=3
(D) A=3
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The diagram shows the curve y = f(x). The tangent to the curve at the point x =3

cuts the x-axis at x = % . Which of the following is the value of

(A)

(B)

©)

(D)
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6. Express 3sin @ +4cos@ in the form Rsin(€+«), where « is in radians.

(A) 7sin| @+tan™'

(D) 5sin| @ +tan”'

(B) 5sin (6’ +tan™' (
(C) 7sin (19 +tan™’ [

7. The Cartesian equation of the tangent to the parabolax =t —3, y = t? + 2
at t=-3 is:

(A) 6x—y—-47=0
(B) 2x+3y+9=0
(C) 6x+y+25=0

(D) 3x—2y+11=0

8. A group of 4 women and 8 boys include a mother and son. From this group, a team
consisting of 2 women and 2 boys is to be chosen. How many ways can the team be
chosen if the mother and son cannot be on the team together?

(A) 147
(B) 168
(C) 120

(D) 63



10.
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What is the value of & such that Ji - ?
V4-25x 5

0

4
(A) 3

27
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The derivative of a function f(x) is givenby f'(x)=e
0 < x<9.0n what interval is f(x) decreasing?

(A) 0<x<0.633 and 4.115<x<6.916

(B) 0<x<1.947 and 5.744 < x <8.230

(C) 0.633<x<4.115 and 6.916 <x<9

(D) 1.947 <x<5.744 and 8.230<x<9

sinx

—cosx—1 for



Section 11

60 marks

Attempt Questions 11 — 14

Allow about 1 hour and 45 minutes for this section

Answer on the blank paper provided. Begin a new page for each question.

Your responses should include relevant mathematical reasoning and/or calculations.

Question 11 (15 marks) Begin a new page.

(a) Differentiate y = sin™1(3x).

(b) The acute angle between the lines 2x—3y—4=0 and y=mx—31is

45" . Find the two possible values of m.

(c) Sketch y=3cos™ (x—2), showing all key points.

x* -4

(d) Solve >3.

2

(e) Evaluate Js—xzdx by using the substitution u =5x+2.
(5x + 2)

0

Write your answer correct to 3 significant figures.

sin 26 _cos 20 q
sind cos@

(f) Prove ecd .

End of Question 11



Question 12 (15 marks) Begin a new page.

(a)
(i) How many different ways can the letters in the word ‘YAMAHA’ be
arranged?
(i1) One of the different ways of arranging the letters of the word
‘YAMAHA'’ is chosen at random. What is the probability that all the

A’s are together?

(b) Evaluate tan {sin1 (—%j +cos™ (%ﬂ .

2

(c) Evaluate j

0

dx
16+4x*

(d) Find the general solution of the equation sin2@ =sin’ .

(e)

C

The diagram above shows a circle with centre O and diameter AE.
BA and BCD are tangents to the circle and ZECD =0 .
Copy the diagram in your answer booklet and show that ZABC =26



(f) If a, B and y are the roots of the equation 2x° —5x* +3x—1=0, find the

value of :

(i) afyla+p+y)

(i1) a’ +ﬂ2 + ;/2

End of Question 12



Question 13 (15 marks) Begin a new page.

(a) Consider the quadratic polynomial, P(x) = (x + h)? + k, with constants h
and k.
Find the values of h and k given that (x + 2) is a factor of P(x) and 16 is the

remainder when P (x) is divided by x.

(b) Prove by mathematical induction that for any integer n > 0,

1 2 n
3x4x5 ixsx6 T tTmrmEm+a)

1 1 2

=6 n+3 m+3)n+a)

(c) The points P(2ap,ap’)and O(2aq,aq’)lie on the parabola x* = 4ay .
The tangents to the parabola at P and Q intersect at the point T'.
The coordinates of the point T is given by x =a(p+¢g)and y =apq . (Do NOT

prove this.)

VA x?=4a

Q(2agq, ag?)

T

(i) Show that p =1+ pg+q if the tangents at P and Q intersect at 45°.

(i) Find the Cartesian equation of the locus of T.

10



(d) A particle is moving along the x-axis. Initially the particle is 1 metre to the right of

the origin, travelling at a velocity of 3 metres per second and its acceleration is
given by x =2x’ +4x, where x is the displacement of the particle after t seconds.

(i) Show that x=x>+2 .

(1)) Hence or otherwise, show that x = \/5 tan (\/5 t+tan™ (%D .

End of Question 13
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Question 14 (15 marks) Begin a new page.

(a) An ice sculpture in the form of a sphere melts in such a way that it maintains its
spherical shape. The volume of the sphere is decreasing at a constant rate of
2m cubic metres per hour. At what rate, in square metres per hour, is the surface

area of the sphere decreasing at the moment when the radius is 5 metres?

(b) A team of 17 soccer players includes two Brown sisters and three Stefanovic
sisters. How many different ways are there of choosing a group of 11 soccer
players from the team, if the group can include no more than one of the Brown

sisters and no more than two of the Stefanovic sisters?

(¢) In the diagram below, ABCD is a cyclic quadrilateral and K is the intersection of

the diagonals AC and BD. M is the point on BD such that ZACB = £DCM.

B

A
k C
D
AC AB
(1) Prove that — = — .
CD MD
(i1) Ptolemy’s Theorem states that in a cyclic quadrilateral the product of

the diagonals is equal to the sum of the products of the pairs of

opposite sides, that is: ACxBD = ABxCD + BCx AD .

Prove Ptolemy’s theorem.
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(d) A cross-section of a valley is in the form of a parabola x? = 4ay where a is a
positive constant. A water cannon placed at the origin fires a jet of water with

speed \/2gh at an angle a where 0 < a < % , h is a positive constant and g is
the acceleration due to gravity.

i'}

v 2gh

83

The equations of motion of a projectile fired from the origin with initial velocity
V ms™1 atangle a to the horizontal are:

. 1
x=Vtcosa and y=Vtsina —Egt2 . (Do NOT prove these)

(i) If the water jet strikes the wall of the valley at the point P(.X,Y) show that:

_ dah
(a+h)cota+atana

(i)  Let f(8)=(a+h)cotO+atand for 0<9<% .

a+h

Show that the minimum value of f(€) occurs when tan 6 =
a

(iii))  Hence or otherwise, show that the greatest value of X is given by:

X =2n |-
a+h

End of paper
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Sydney Girls High School

Mathematics Faculty

Multiple Choice Answer Sheet
Trial HSC Mathematics Extension 1

Select the altemative A, B, C or D that best answers the question. Fill in theresponse oval
completely.
Sample 2+4=72 Ay 2 By 6 (© 8 M 9

AC B@® CO DO

If you think you have made a mistake, put a cross through theincorrect answer and fill in the
NEW answer.

A® B¥ CcO DO

If vou change vour mind and have crossed out what you consider to be the comect answer,
then indicate this by writing the word correct and drawing an arrow as follows:

re
ax Bx cO DO

Student Number: g?%mr j’"

Completely fill the response oval representing the most correct answer.
1. AO BO c DO
2 A@ BO cO DO
3. A@ BO CcO DO
4. A O BO cO D&
5. AO BO cO D&
6. AO B@ CO DO
7..A0 BO c@ DO
8. A@ BO CcO DO
9.2.A0O BO cO bD@®
10.LA® BO CcO DO
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Question 13

This question was poorly done

(a) P(0)=h*+k=16
because if P(x) is divided by x

P(=2)=(h— 2)2+k =0 the remainder is P(0).
h*+k—4h+4=0
16 —4h+4=0
20 = 4h
h=5
25+ k=16

k=-9



(b) Proveforn=1

LHS = RHS-1 1+2
T 3x4x%x5 6 4 20
1t —1—LHS
T 60 60
Assume forn =k
1 1 k 1 1 2

3xax5 T axsx6 ! T HIDGIDKED) 6 k+3 KEDKTD

Proveforn=k+1

Required to prove

L S k+1 S S 2
3X4%X5 4x5%x6  (k+3)k+4)(k+5) 6 k+4 (k+4)(k+5)
aps o L k+5-2
6 (k+4)(k+5)
1 k+3
"6 (k+4)(k+5)
1 2 k+1 ,
LHS = — by assumption

=6 k+3 13kt d) K13k +DHET5)

_1_(k+4)(k+5)—2(k+5)—(k+1)

"6 (k+3)(k+4)(k+5)
1 k*+9%+20-2k-10-k—1
6 (k+3)(k+4)(k +5)
Simplifying both the left and
1 k?+ 6k +9 right sides of the identity is
=z easier than trying to make the
6 (e+3)(k+4)(k+5) left look like the right.
1 (k + 3)*

"6 (k+3)(k+4)(k+5)

_1 k+3
"6 (k+4)(k+5)

= RHS

Therefore by the principles of mathematical induction
the statement is true for any integer n > 0.



(c)(1) Let the angles tangents from P and Q subtend
with the horizontal be 8 and ¢ respectively.

Thus p = tan 6 and g = tan ¢.

pP—q

tan(6 — ¢) =
an(0 = ¢) = 75—
P—q

tan(45°) =
an(45°) 1T pg
—P—4
1+ pq
1+pg=p—q

Thereforep =1+ pqg +q

(i) Note that: p% + g% = (p — q)? + 2pq

2

X
?= (p +q)°

2
X
22
— =@ —@)*+4pq
2
—= (14+pg)*+4p9  from part (1)
22
2= @9)? +6pq +1
x? 26
==X 2
a a a

x% =y?% 4+ 6ay + a*



D@ 4 ( X ) 2x3 + 4x

x4 Cy

—9’62 R A R

2 2 2
2t =xt+4x?+ ¢

Whent =0
x=1landx =3
9=1+4+C(

61:4

X2 =x*4+4x2 + 4

X% = (x*+2)*

X =+x%+2)

X = x2+ 2 because of initial conditions

—=x%24+2
i X<+
dt_ 1
dx  x2+42

t= itan‘l (i) — itan‘l (L)
V2 V2 2 2
B X B 1
\/Et = tan~1 (E) —tan~! (\/_E)

tan—! (%) = /2t — tan™? (%)

x =+/2tan (\@t —tan~! (

Sl
S



Question 14 (15 marks) Begin a new page.
(a) Anice sculpture in the form of a sphere melts in such a way that it maintains its
spherical shape. The volume of the sphere is decreasing at a constant rate of
27 cubic metres per hour. At what rate, in square metres per hour, is the surface 2

area of the sphere decreasing at the moment when the radius is 5 metres?
V-2 13 AV = =27 [l
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